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Abstract— The technique described in this paper uses singu-
lar perturbation and balanced structure to reduce the order of a
large-scale plant model over a finite frequency range of operations
pre-specified by the designer. This method reduces error rate in
model reduction of real equipment that has to operate within a fi-
nite frequency range. The outcome of reducing the model within
a specified frequency range of operation provides a better estimate
of the full order plant model. To illustrate the effectiveness of the
technique, a fourth order open-loop plant model is reduced to a
second order over several different frequency ranges of operation.
Also a sixth and a seventh order controller is designed using H∞
and reduced to a third order while maintaining a robust stability
for the closed loop system. A singular value Bode diagram and
a Nyquist diagram comparing the original and the reduced order
system illustrate the effectiveness of the model reduction technique
both in the open-loop and closed-loop sense.
Index Terms—Large-scale systems; Model reduction; Singular

perturbation, Balanced structure

A. INTRODUCTION
The aim of this paper is to develop an appropriate mixed

model reduction method that provides a good approximation
of a large-scale system at a particular frequency range of op-
eration. To arrive at this result, we emphasize a specified fre-
quency range when we employ singular perturbation and fre-
quency domain balanced structure. The motivation for using
this combination is that most of the systems in practice operate
at a low frequency level and a specified frequency bandwidth.
By employing this model reduction technique we can improve
the ease of computation and online implementation of a con-
troller for large-scale systems.

B. Open-Loop Model Reduction at Low Frequency Range
We integrate singular perturbation with frequency domain

balanced structure schemes to reduce the order of a large-
scale plant. With this technique we can improve upon singu-
lar perturbation method for model reduction at low frequency
level. To accomplish such a task we calculate the controlla-
bility and observability Gramians by integrating over a speci-
fied frequency range [ω1, ω2]. This frequency range is the true
bandwidth in which the system operates, unlike Moore’s infi-
nite bandwidth. By emphasizing the computation in a particu-
lar frequency bandwidth, we can tailor a particular transforma-
tion matrix T to change the basis of the original system in order
to achieve a reduced model with minimum error. The new basis
captures those modes governing the system’s behavior within
its bandwidth of operation. If model reduction is done within

the bandwidth of operation instead of Moore’s method, we can
arrive at a better estimate in our model reduction scheme. In
the following, we show how we can arrive at a transformation
matrix T that changes the basis of the original system model
according to the bandwidth of operation in order to achieve an
appropriate low order model.

Consider the following nth order linear time-invariant con-
tinuous asymptotically stable system with the following state-
space representation:· ·

x(t)
y(t)

¸
=

·
A B
C D

¸ ·
x(t)
u(t)

¸
(1)

where A ∈ Rn×n,B ∈ Rn×m,C ∈ Rp×n,D ∈ Rp×m are
the system’s constant matrices, and x(t) ∈ Rn, u(t) ∈ Rm, and
y(t) ∈ Rp are vectors corresponding to the states, inputs, and
outputs of the system respectively. For system (1) with realiza-
tion (A,B,C,D)we can find a reduced order model with real-
ization (Ar,Br,Cr,Dr) of rth order that is both controllable
and observable. We apply Parseval’s theorem to transform the
integrals from time domain to frequency domain [1]. That way,
we can define the controllability and observability Gramians of
system (1) in terms of frequency ω by setting variable s = jω
and integrating over the frequency range [ω1, ω2] as follows.

Definition: The frequency domain controllability Gramian
Wcf and observability Gramian Wof within the frequency
range [ω1, ω2] are given by [2]:

Wcf
∆
= 1

2π

R ω2
ω1
(Ijω −A)−1BB0(−Ijω −A0)−1dω

Wof
∆
= 1

2π

R ω2
ω1
(−Ijω −A0)−1C0C(Ijω −A)−1dω

(2)
We can directly compute Wcf and Wof with a single loop

Matlab program. In general, if the number of the iterative sum
is sufficiently large, we can obtain a better numerical result for
the Gramians. Note that if we increase the frequency band-
width from [ω1, ω2] to (−∞,∞) we obtain the same result as
we would using Moore’s balanced structure.

Lemma: With linear transformation matrix T and change of
basis we can transform a system’s realization (A,B,C,D) to a
new balanced realization (Āf , B̄f , C̄f , D̄f ) so that the Grami-
ans are equal, diagonal, and in ascending order:

W̄cf = W̄of =

 σ1 0 0

0
. . . 0

0 0 σn

 (3)
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Proof: Similar to Moore’s balanced structure [3,4].
Using transformation matrix T, we can define the frequency

domain balanced realization of system (1) as follows:

(Āf , B̄f , C̄f , D̄f )
∆
= (T−1AT,T−1B,CT,D)

(4)
To apply singular perturbation [5,6], we start with partition-

ing balanced realization (4) into two distinct states of modes,
namely slow x(t) and fast z(t) to obtain the following dynamic
equation:


·
x(t)
·
z(t)
y(t)

 ∆=
 Āf11 Āf12 B̄f1

Āf21 Āf22 B̄f2

C̄f1 C̄f2 D̄f

 x(t)
z(t)
u(t)


(5)

By setting ·
z(t) = 0, and eliminating z(t) using back sub-

stitution, we convert system (5) into slow mode x(t) only as
follows: · ·

x(t)
y(t)

¸
=

·
Â B̂

Ĉ D̂

¸ ·
x(t)
u(t)

¸
(6)

The realization (Â, B̂, Ĉ, D̂) assumes that Ā−1f22 exists and
that:


Â

B̂

Ĉ

D̂

 ∆=

Āf11−Āf12Ā

−1
f22Āf21

B̄f1−Āf12Ā
−1
f22B̄f2

C̄f1−C̄f2A
−1
f22Āf21

D̄f−C̄f2A
−1
f22B̄f2

 (7)

C. Open-Loop Model Reduction at Mid and High Frequency
Range

For mid-frequency range model reduction, we balance the
system over the specified frequency range [ω1, ω2] [2]. For
high frequency range we apply a similar approach with ω2 −→
∞. In sequel, the truncation based on singular values of Grami-
ans and condition number are utilized to obtain the reduced or-
der model [7].

D. Controller Model Reduction
For a low order controller design, we employ two distinct

methods: (1) We apply H∞ [8] technique to design a con-
troller for the large-scale plant model. The controller synthe-
sized using available techniques usually has an order equal to
or greater than the order of the plant model. For practical pur-
poses such as troubleshooting, online implementation, and ease
of computation, one seeks a low order controller. For this rea-
son, we employ our model reduction scheme to reduce the order
of the synthesized controller. (2) We apply our model reduc-
tion scheme to reduce the order of the large-scale plant model.
We employ H∞ technique to design a controller which has an
order equal to or greater than that of the reduced order plant
model. This is shown in figure 1. At this point, if applicable,
we can employ our model reduction scheme to further reduce

 
 
 
 
 
 
 
 
 (2) (1) Given a Plant G(s)   

(A, B, C, D)n 

Design an H∞  
controller K(s) of order 

m ≥ n  

Reduce the controller 
 to Kr(s) 

r ≤ min(n, m)

Reduce the Plant  
to Gr(s) 
 r < n 

Design an H∞   
controller Kq(s) 

 r ≤  q < n 

Reduce the controller 
 to Kp(s) 

p ≤ min(r, q) 

Fig. 1. Illustration of methods (1) and (2) used to synthesize a low order
controller.

the order of the synthesized controller. In the next section, we
use Bode diagrams and Nyquist plots to illustrate the effective-
ness of the design and synthesis of the low order controller for
the large-scale plant model

E. Illustrative Example
We consider the fourth order model used in papers [2,7] to

demonstrate the effectiveness and accuracy of the technique of
mixing principles of singular perturbation and balanced struc-
ture. We apply open-loop model reduction to reduce the plant
model to second order. We compare the results with Moore’s
using the singular value Bode diagrams. We continue with the
same plant model to design and synthesize a third order con-
troller. Then we compare the results with a full order plant and
a full order controller over the closed loop system using singu-
lar value Bode diagrams and Nyquist plots. The results show
the effectiveness of our low order controller design scheme.

Open-Loop Model Reduction:
The realization of the original plant:

G(s)
∆
=

·
A B
C D

¸
=


0 0 0 −150
1 0 0 −250
0 1 0 −110
0 0 1 −19

4
1
0
0

0 0 0 1 0


The realization of Moore’s balanced structure as in [4]:

Gb(s) =

 −0.44 −1.2
1.2 −3.1

0.12
−0.13

0.12 0.13 0


To find the second order realization of perturbed frequency

domain balanced structure Gpf (s)
∆
= (Apf ,Bpf ,Cpf ,Dpf ),

we perform the following steps:
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Step1: Reorder the states of the system so that the eigenval-
ues of the system are in descending. We need this step for the
ease of partitioning the system into fast and slow modes.
Step2: Apply formula (2) to compute the controllability and

observability Gramians Wcf and Wof of the system over the
frequency bandwidth [ω1, ω2] as specified by the designer. In
our example, we chose ω1 = 0 and ω2 = 5.

Step3: Apply Cholesky’s decomposition so that Wcf =
R0R for some non-singular matrixR.
Step4: Form the productRWofR

0.
Step5: Apply singular value decompositions to obtain

RWofR
0 = U(Σ)2U0.

Step6: Compute the balancing transformation matrix T =
Σ1/2U−1(R0)−1.
Step7: Check to make sure that T−1Wcf (T

−1)0 = Σ =
(T0)WofT.

Step8: Define Gf (s)
∆
= (Af ,Bf ,Cf ,Df ) =

(T−1AT,T−1B,CT,D).
Step9: Partition the realization of Gf (s) into slow and fast

mode as in formula (5).
Step10: Perturb the systemGf (s) using formula (7).
Step11: Eliminate the fast mode as in equation (6) to ob-

tain the reduced order perturbed frequency domain realization

Gpf (s)
∆
=

·
Apf Bpf

Cpf Dpf

¸
.

In our example we arrived at the following second order per-
turbed frequency domain realization:

Gpf (s) =

 −0.72 −0.53
0.53 −1.4

0.14
−0.1

0.14 0.1 0

 .
Low Order Controller Design:
(a) First we design a controller using H∞and shaping fil-

ter dynamic input weight W1 =
s2 + 17s+ 200

s2 + 1.2s+ 0.8
to controller

K(s) and a differentiator W2 =
s

200
+ 5 to the output of plant

G(s). Through several iterations we obtain a controller K(s) of
order seven, and with open-loop model reduction we reduce it
to order three.

for different controllers involved in this example we use the
following notation for their realizations:

Ki(s)
∆
=

·
Aki Bki

Cki Dki

¸
; for i = 3, 6, 7 representing the

third, sixth, and seventh order synthesized controllers.
Through method (1) of controller design we arrive at the fol-

lowing realization of a seventh order controller K7(s) which is
then reduced to a third order controllerK3(s):
Ak7 =

−12 −3.8 −17 −1.4 −7.2 3.2 −1300
14 −4.7 −6.1 −0.23 −1.2 0.53 −210
33 −2 −15 −0.7 −3.7 1.6 −630
27 −2.3 0.074 −0.47 1.1 −0.36 190
18 −4.2 23 −2 −12 5.1 −2000
−12 4 0.86 −3.8 0.046 −1.1 97
−1.9e4 2.7e4 7.7e3 −2.1e4 2.4e4 1.1e4 −1.3e4

Bk7 =



−0.024
0.43
9.2
−5600
180
4800
1.1e+ 8


; Dk7 = 4.5e− 5

Ck7 =
£
30 25 120 9.3 49 −22 8600

¤
.

The realization of the third order controller obtained from the
seventh order controller is
K3(s)

∆
=

·
Ak3 Bk3

Ck3 Dk3

¸
=

−30 260 −6.4e3
−260 18 −470
6.4e3 −470 −1.4e4

−4.7e3
−3.5e4
1.0e6

4700 −3.5e4 1.0e6 4.5e− 5

 .
(b) Using open-loop model reduction technique, we first re-

duce the order of the plant model to three, and then apply H∞

and shaping filter dynamic input weight W1 =
s2 + 16s+ 200

s2 + 1.2s+ 0.8

to controller K(s) and a constant W2 =
1

200
to the output of

plant G(s). Throught several iterations we obtain a controller
K(s) of order six. Using open-loop model reduction scheme
we reduce it to order three

Through method (2) of controller design we arrive at the fol-
lowing realization of a sixth order controller K6(s) which is
then reduced to a third order controller K3(s):
Ak6 =
−12 −6.2 −6.5 7.3 −27 2400
18 −7 −1.2 0.52 −1.7 150
−1.7 2.6 −4 4.2 −16 1400
4.5 −0.79 5.6 −7.4 25 −2200
−1.8 1.5 −15 −8.8 −12 980
490 −38 −4200 −1300 680 −2000



Bk6 =


0.035
0.09
−73
−850
1000
340000

 ;Dk6 = 4.2e− 2

Ck6 =
£
11 −58 −53 57 −210 19000

¤
.

The realization of the third order controller obtained from the
sixth order controller is

K3 =


−1.4 −1100 −78
−1100 −2000 3100
78 3100 −43

120
79000
−6100

−120 79000 −6100 0.042

 .
F. Conclusion

At low frequency levels the perturbed frequency domain bal-
anced structure is superior to Moore’s as the Nyquist plots
demonstrate. In particular this is realized at the DC level. At
high frequency levels Moore’s balanced realization is superior
to the proposed technique. When we change the frequency in-
terval our approach yields a better approximation than Moore’s,
since we can choose our frequency, thereby selecting the best
outcome for the system. The Bode plots demonstrate that using
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Fig. 2. The above Nyquist plot compares the behavior of the original system
with that of Moore’s result and the perturbed frequency domain realization.
The plot shows as ω −→ 0 Moore0s result brings about a divegence. The plot
further shows as ω −→ 0 the proposed technique brings about a convergence.

Fig. 3. The above Nyquist plot illustrates that as ω −→ ∞ Moore’s result
converges toward the original system. As ω −→ 0 the perturbed frequency
domain balanced realization converges toward the original.

the two methods provides an effective and stable closed-loop
system: (1) designing a full order controller and then reducing
it. (2) reducing the plan model and designing a controller for
it and then reducing the controller again.
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